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Generalized Noether’s theory is a useful method for researching the modified gravity theories about
the conserved quantities and symmetries. A generally Gauss-Bonnet gravity f(R,G) theory was
proposed as an alternative gravity model. Through the generalized Noether symmetry, polynomial
and product forms of the f(R,G) theory with corresponding conserved quantities and symmetries are
researched. Then suitable general forms of the polynomial form f(R,G)=k1Rn+(6)n2 (−1)n+1k1G n2
and the product form f(R,G) = k(R/√G)nG are found out, to contain the solution of accelerated
expansion cosmology. Both forms of f(R,G) concerned in this paper only possess time translational
symmetry. And energy condition of these solutions are also checked. To some extent, the consistency
of conservation of symmetry and energy condition is demonstrated. For the specific form of different
n, it needs further detailed study. Noting that, the corresponding conserved quantities are both zero,
and the only conservation relation is conservation of energy.
I. INTRODUCTION
Accelerated expanding of our universe has been widely known, which is confirmed by various sets of astrophysical
observations including WAMP [1], LSS [3], SN Ia [2] and SDSS [4]. These observations also imply that our universe
consists of about 68% dark energy (DE), 32% dust matter, and negligible relativistic constituent at present, and
is spatially flat on large scales. For explaining our universe, the standard cosmological models have been proposed,
however some problems describing the whole universe still exist, such as initial singularity, flatness problem, and so on.
Moreover, the general relativity can not be used as a fundamental theory to describe the quantum properties of space-
time. Because of the above shortcomings, people try to introduce gravitational quantization into the modification of
general relativity. For this reason, the f(R,G) theory is proposed to obtain an effective reconfigurable quantum gravity
theory at Planck scale. The Ricci scalar R and the Gauss-Bonnet topological invariant G are added to the general
relativity [5–9]. These theories are stable and able to describe the present accelerated expanding of universe. Through
manual selected concrete form of the f(R,G) theory, people can rebuild models to mimic the ΛCDM model[10–13].
Since there are no fundamental constraints, most of the models generated by the theory of gravitational expansion
in the past researches are proposed from phenomenology, which seems to be somewhat unconvincing. The explicit
expressions of Extended Theories of Gravity will determine the exact forms of solutions of the field equation. It is
important to analyze physical properties of the theories. In this paper, our concern is whether there are some basic
principles that can provide reasonable and acceptable modifications.
Fortunately, the famous Noether’s theorem is suitable for the purposes mentioned above, and it has been extensively
studied to some models, ie., in scalar field cosmology [14], non-minimally coupled cosmology [15], f(R) theory [16],
f(T ) theory [17, 18], f(R,G) theory [19, 20], f(T,G) theory [21], scalar-tensor theory [22] and quantum cosmology [23].
Compared with Noether’s theorem, it has been extended to a more general generalized Noether’s theorem for the
complete solutions [24–26]. Using the generalized Noether symmetry, the research has also been extensively done, ie.,
in f(R) theory [27], and f(T ) theory [28, 29]. In our previous paper [29], it has been proved that the approach of
generalized Noether symmetry is more physical content, such as the energy condition. Moreover, this approach is a
more effective choice method, a more complete solutions, and more conformed to cosmological observations. By this
generalized Noether symmetry approach, we can find the physically interesting forms of modified gravity theories,
and the existence of symmetries allowed to select constants of motion that reduce dynamics. Physical contents and
the relations to cosmological or astrophysical observations of the conserved quantities are very interesting.
Most of the previous papers, the researches were limited to Noether symmetries, whose the coefficients of vector
fields were set to depend only on coordinates and time in configuration space. The generalization of Noether’s theorem
was realized by adding the first and higher order time derivatives of coordinates into the coefficient functions of vector
fields. Therefore researchers can get the complete set of solutions, like the generalized Noether symmetries and the
corresponding generalized vector fields [25]. To gain insight of this theorem, we should consider the motion of a
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2particle under the influence of a central force (Kepler situation), characterized by the Lagrangian
L =
1
2
[(
r˙2 + r2θ˙2
)
+
k
r
]
. (1)
In this situation, the generalized vector fields are [26]
X1 = r
2 cos θθ˙
∂
∂r
+
(
cos θr˙ − 2r sin θθ˙
) ∂
∂θ
,
X2 = r
2 sin θθ˙
∂
∂r
+
(
sin θr˙ + 2r cos θθ˙
) ∂
∂θ
. (2)
They are just variational symmetries of lagrangian related to Runge-Lenz vector [25] of the perihelia precession. This
solution is not available by the Noether symmetry. Obviously, the complete solutions can only be obtained via the
generalized Noether symmetry, rather than Noether symmetry.
In this paper, we study in detail some manifestations of the f(R,G) gravity through the generalized Noether
theorem. We try to constrain the functional form of f(R,G), and get the exact late-time accelerated expanding
solutions as well as the corresponding conserved quantities. This paper is arranged as follows: In Sec. II, the Gauss-
Bonnet gravity will be briefly introduced. In Sec. III, we thoroughly research the generalized Noether symmetries of
f(R,G) manifestations, ie.,f(R,G)=k1Rn+k2Gm and f(R,G)=kRnGm. In Sec. IV, we will sum up some conclusions
through discussion.
II. BRIEF INTRODUCTORY TO GAUSS-BONNET COSMOLOGY
In 4-dimensions spacetime, the most general action of extended Gauss-Bonnet gravity is shown as
S = 1
2κ
∫
d4x
√−g f(R,G) , (3)
where we define κ2=8piGN , GN as the Newton constant, g as the determinant of the metric as well as the physical
units c=kB=~=1. This Lagrangian is constructed only by the metric tensor, without any extra vector or spin degree
of freedom. The Gauss-Bonnet invariant is defined as
G ≡ R2 − 4RµνRµν +RµνλσRµνλσ , (4)
that is a combination of the Ricci scalarR=gµνRµν , the Ricci tensor Rµν and the Riemann tensor Rµνλσ. Noting that,
in 4-dimension, any linear combination of the Gauss-Bonnet invariant does not contribute to the effective Lagrangian.
The variation of the action (3) with respect to the metric provides the following gravitational field equation [9]
Gµν =
1
fR
[
∇µ∇νfR − gµνfR + 2R∇µ∇νfG − 4R λµ ∇λ∇νfG − 4R λν ∇λ∇µfG + 4RµνfG
+ 4gµνR
αβ∇α∇βfG + 4Rµαβν∇α∇βfG − 2gµνRfG − 1
2
gµν
(
RfR + GfG − f(R,G)
)]
. (5)
The trace is
3 [fR + VR] +R [fG +WG ] = 0, (6)
where  is the d’Alembert operator in curved spacetime and
fR ≡ ∂f(R,G)
∂R
, fG ≡ ∂f(R,G)
∂G , (7)
are the partial derivatives with respect to R and G. Obviously, if we assume f(R,G) = R, General Relativity will be
immediately recovered from Eqs. (5)-(6).
3III. GENERALIZED NOETHER SYMMETRY FOR GAUSS-BONNET COSMOLOGY
In 1918, Noether proposed an elegant and systematic approach to compute conserved quantities for the partial
differential equations (PDEs) by a systematic and mathematical way. The field equations in modified gravity are just
the PDEs, and the solutions can be investigated by the Noether’s theorem. The Noether’s theorem states that each
conservation law corresponds to a differentiable symmetry of the action of a physical system. Then the conservation
laws play an important role in the research of physical phenomena. For getting a more complete solution of the
system, the configuration space of the generalized Noether symmetries is extended to the first or higher order of time
derivatives of coordinates [25], and the symmetries are defined as transformations in the configuration space.
We choose the flat FRW space-time, whose signature is (+,−,−,−), and the explicit descriptions of Ricci scalar
and Gauss-Bonnet invariant are shown as
R = −6 ( a¨
a
+
a˙2
a2
), G = 24 ( a¨ a˙
2
a3
). (8)
The method of Lagrange multipliers is done by setting R and G constraints of the dynamics, then we naturally get
the point-like FRW Lagrangian L(t, a, a˙, R, R˙,G, G˙)
L = a3
(
f − fR
[
R+ 6 (
a¨
a
+
a˙2
a2
)
]
− fG
[
G − 24 ( a¨ a˙
2
a3
)
])
. (9)
By partial integration, the point-like Lagrangian changes as the following form
L = a3(f −RfR − GfG) + 6 aa˙2fR + 6 a2a˙(R˙fRR + G˙fRG)− 8 a˙3(G˙fGG + R˙fGR). (10)
Q ≡ {t, a, R,G} is the configuration space, therefore the generalized Noether symmetric generator is shown as
X = τ(t, a, R,G) ∂
∂t
+ α(t, a, R,G) ∂
∂a
+ β(t, a, R,G) ∂
∂R
+ γ(t, a, R,G) ∂
∂G , (11)
where τ , α, β and γ are the smooth functions of the independent variables t and the canonical coordinates a, R and
G. So the first prolongation X[1] can be shown as
X[1] = X + α˙
∂
∂a˙
+ β˙
∂
∂R˙
+ γ˙
∂
∂G˙ . (12)
In addition, the Lagrangian quantity will satisfy the following equation:
X[1]L+ (D τ)L = D B(t, a, R,G), (13)
where B(t, a, R,G) indicates the gauge function, and D is the total derivative. The first integral is defined as the time
integral of the conserved quantity corresponding to X , as shown below
I = B − τL − (α− τa˙)∂L
∂a˙
− (β − τR˙)∂L
∂R˙
− (γ − τ G˙)∂L
∂G˙ . (14)
On the other hand, the energy equation for a point-like canonical Lagrangian is
EL =
∂L
∂a˙
a˙+
∂L
∂R˙
R˙+
∂L
∂G˙ G˙ − L = 0. (15)
If we consider the energy equation into the conserved quantity I, the conserved quantity I can be reduced to
I = B − α∂L
∂a˙
− β ∂L
∂R˙
− γ ∂L
∂G˙ . (16)
Taking the point-like Lagrangian (10) of f(R,G) into Eq. (13), we can can obtain a determined system of linear partial
differential equations, according to a˙, R˙, G˙, a˙R˙, a˙G˙, R˙G˙ and so on. In this general research, we obtain twenty-seven
4partial differential equations:
0 = αfR + βafRR + γafRG + τtafR + 2aαafR + a
2βafRR + a
2γafRG ,
0 = 2αfRR + βafRRR + γafRRG + aαafRR + 2αRfR + aβRfRR + aγRfRG + τtafRR,
0 = 2αfRG + βafGRR + γafGGR + aαafRG + 2αGfR + aβGfRR + aγGfRG + τtafRG ,
0 = αRfRG + αGfRR,
0 = αRfRR,
0 = αGfRG ,
0 = τa6a
2fRR + τR6afR,
0 = τa6a
2fRG + τG6afR,
0 = τR6a
2fRG + τG6a
2fRR,
0 = τa6afR,
0 = τR6a
2fRR,
0 = τG6a
2fRG ,
0 = βfGRR + γfGGR + βRfRG + γRfGG + 3αafRG + τtfGR,
0 = βfGGR + γfGGG + βGfRG + γafGG + 3αafGG + τtfGG ,
0 = αGfGG ,
0 = αRfRG ,
0 = αRfGG + αGfRG ,
0 = βafRG + γafGG ,
0 = −8τafGG ,
0 = −8τafGR,
0 = −8τRfGG − 8τGfGR,
0 = −8τGfGG ,
0 = −8τRfGR,
Ba = τaa
3(f −RfR − GfG),
BR = τRa
3(f −RfR − GfG),
BG = τGa
3(f − fRR − fGG),
Bt = 3αa
2(f −RfR − GfG)− βa3(RfRR + GfGR)− γa3(GfGG +RfRG) + τta3(f −RfR − GfG).
(17)
We could find that if we assumed τ = 0, the determined system of linear PDEs should degenerate to the case
of Noether symmetry [19], and naturally have the same corresponding Noether vector, symmetric generators and
solutions. Moreover, we also can find a special solution of the B=0 from the last four formulas of the Eqs. (17), for
a special condition
α = β = γ = 0 and τ = const. (18)
So the Eq. (14) changes as
I = const ·
(
∂L
∂a˙
a˙+
∂L
∂R˙
R˙+
∂L
∂G˙ G˙ − L
)
= const ·EL = const · (piui − L) = 0. (19)
If we can obtain this special condition (18), then we can get the energy equation (15). This means that there is a
relation between the conserved quantity I=0 and the energy condition.
Next, we will analyze in detail two general forms (models) of manifestation of f(R,G) theory with corresponding
generalized Noether symmetries rather than Noether symmetries, cosmological solutions of each model. Firstly, we
don’t assume any special condition of the last equation of system (17) to get the chosen functional forms [19]. In
other word, we consider two general forms for simplicity, expressed as
f(R,G) = k1Rn + k2Gm,
f(R,G) = kRnGm.
(20)
5A. Case I: f(R,G) = k1Rn + k2Gm
For this form f(R,G)=k1Rn+k2Gm, the simplest and most commonly considered expression is adopted. According
to the previous introduction, expanding the determined system of linear partial differential equations (17) with this
form, the solutions of τ , α, β γ and B are as follows:
τ = −3F1(t) + C1,
α = F˙1(t)a,
β = 0,
γ = 0,
B = const, (21)
where the Ci are the normalized orthogonal coefficients, and F1(t) is the function with time only. Assuming one of
the Ci to 1 and the others to 0, the corresponding generalized Noether symmetric generators are obtained as
X1 =
(
− 3F1(t) + 1
)
∂
∂t
+ F˙1(t)a
∂
∂a
, (22)
X2 = −3F1(t) ∂
∂t
+ F˙1(t)a
∂
∂a
. (23)
As we all know, if a system is complete, then its symmetric generators should satisfy the commutation relation. So
we can use the non-vanishing Lie bracket [X1, X2] to represent the commutator relations of the set {X1, X2},
[X1, X2] =
(
− 3F˙1(t)
)
∂
∂t
+
(
F¨1(t)a+ F˙1(t)a˙
)
∂
∂a
, (24)
thus the solution must be X1, X2 or 0 for a complete system.(
F¨1(t)a+ F˙1(t)a˙
)
∂
∂a
= F˙1(t)a
∂
∂a
, (25)
for two terms of a and a˙, they must be
F¨1(t) = F˙1(t) = 0, (26)
so the only remaining generalized noether symmetric generator and the corresponding first integral
X =
∂
∂t
, (27)
I = 6aa˙2k1R
n−1n+ a3k1R
n(n− 1)
(
1 + 6n
HR˙
R2
)
+ a3k2Gm(m− 1)
(
1− 24mH
3G˙
G2
)
, (28)
which apparently indicate energy conservation in the universe, but it’s difficult to calculate the conserved quantity
of arbitrary n and m. In spite of this, we can still analyze the conditions for the de Sitter solution a(t) ∝ eH0t.
Furthermore, the Ricci scalar R and Gauss-Bonnet invariant G are transformed into
R = −12H20 and G = 24H40 , (29)
which mean that R˙=0 and G˙=0, and the time-independent condition can read from the Eq. (28), shown as
k1R
n(
n
2
− 1) = k2Gm(1−m). (30)
Because of the same order H0, we have the relations
n = 2m and − k1(−12)n = k2(24)n/2. (31)
We can take the Eq. (30) back to the Eq. (28), and we will find that the conserved quantity is always zero.
Checking this solution for n=1 and m=1/2, f(R,G)=k1R+ k1
√
6G, so the Eq. (28) changes as
I = 6a3H20k1 − 6a3H20k1 = 0. (32)
6Checking this solution for n=2 and m=1, f(R,G)=k1R2 − 6k1G, so the Eq. (28) changes as
I = −a3k1R2 + a3k1R2 = 0. (33)
We conclude that I=I++ I− is always zero, due to the conserved quantity of positive I+ and negative I− offset each
other. The conserved quantity term of R provide for I+, and the conserved quantity term of G provide for I−. These
show that the accelerated expansion cosmology of this case of f(R,G) theory has only the conservation of energy,
and the corresponding conserved quantity is zero, for the balance of the conserved quantity of positive and negative.
Finally, we can get the general form for available solution of the accelerated expansion cosmology, which is deduced
as
f(R,G) = k1Rn + (6)n2 (−1)n+1k1G n2 . (34)
We can find that this solution can match the de Sitter solution of the formula (46) in the article [20], and the exact
coefficient is the same for c1+3c22c1 = n.
If we also consider the energy condition [19], corresponding to the 00 component of Einstein equation, which is
shown as (
a˙
a
)2
fR +
(
a˙
a
)
d fR
dt
− 4
(
a˙
a
)3
d fG
dt
− 1
6
[
f −RfR − GfG
]
= 0. (35)
For the de Sitter solution a(t) ∝ eH0t, the Ricci scalar R and Gauss-Bonnet invariant G change as R=−12H20 and
G=24H40 , which mean R˙=0 and G˙=0. Then the energy condition can be read from the Eq. (35), shown as
k1R
n(
n
2
− 1) = k2Gm(1−m). (36)
Obviously, we find that the constraint solutions of m and k2 obtained by the energy condition (35) are the same as
the Eq. (30) by the time-independent condition of the conserved quantity I˙ =0. It can be said that the conclusion,
obtained from the symmetric conservation, is consistent with the energy condition. Indirectly, the correctness of this
general symmetry research is proved.
B. Case II: f(R,G) = kRnGm
Under the premise of satisfying completeness of the commutator relations, the corresponding generalized Noether
symmetric generators can be obtained as
X1 =
(
− 3F1(t) + 1
)
∂
∂t
+ F˙1(t)a
∂
∂a
, (37)
X2 = −3F1(t) ∂
∂t
+ F˙1(t)a
∂
∂a
. (38)
The generators are the same as the Case I f(R,G) = k1Rn + k2Gm, so the F˙1(t) can only be zero, and the only
remaining generalized noether symmetric generator and the corresponding first integral
X =
∂
∂t
,
I = 6a3HkR˙
RnGm
R2
(n2 − n)− 24a3H3kG˙R
nGm
G2 (m
2 −m) + a3kRnGm(n+m− 1)
+ 6a3H2k
RnGm
R
n− 24a3H3kR˙R
nGm
RG nm+ 6a
3HkG˙R
nGm
RG nm. (39)
If we choose the condition of n +m= 1, then f(R,G) = kRnGm will be reduced to kRnG(1−n). The corresponding
symmetric generators change as
X1 =
(
1− 3F1(t)
)
∂
∂t
+ F˙1(t)a
∂
∂a
+
R
G F2(t, R, a+ G)
∂
∂R
+ F2(t, R, a+ G) ∂
∂G , (40)
X2 = −3F1(t) ∂
∂t
+ F˙1(t)a
∂
∂a
+
R
G F2(t, R, a+ G)
∂
∂R
+ F2(t, R, a+ G) ∂
∂G . (41)
7For the same condition [X1, X2]=X2 or [X1, X2]=X1, we have
F¨1 = F˙1 = F1 = 0, F˙2 = F2 and R˙G = RG˙. (42)
The corresponding symmetric generators can be simplified as
X1 =
∂
∂t
+
R
G F2
∂
∂R
+ F2
∂
∂G , (43)
X2 =
R
G F2
∂
∂R
+ F2
∂
∂G , (44)
which indicate the only conserved quantity, because of I2=0, simplified as
I1 = 6na
3H2k
(G
R
)1−n
. (45)
Finally, we consider the constraints of the conservation condition I˙1=0 and R˙G=RG˙. We can classify the cosmology
solutions according to the m,
n > 1 a(t) ∝ t1/2 R = 0 f(R,G)→ f(G), (46)
n < 1 a(t) ∝ t G = 0 f(R,G)→ f(R), (47)
and it’s not hard to find that we can contain the previous analysis into this general case. Both of the cosmology
solution are not suitable to explain the accelerated expansion cosmology.
Back to the general conserved quantity Eq. (39) of the case f(R,G)=kRnGm, if we don’t choose the condition of
n+m=1, we can use the similar approach to analyze the conditions for the de Sitter solution a(t)∝eH0t. Furthermore,
the corresponding conserved quantity changes as
I = a3kRnGm(n
2
+m− 1), (48)
which means that the time-independent condition should be
n
2
+m− 1 = 0, (49)
then the general form f(R,G)=kRnGm reduces to
f(R,G) = k
(
R√G
)n
G. (50)
We can also find that this solution can match the de Sitter solution of the function (42) in the article [20], and the
exact coefficient is the same. In addition, we can determine the specific form of the function (42), shown as
f(R,G) = R2f˜( G
R2
) = GR
2
G f˜(
G
R2
) = Gf¯(R
2
G ).
f¯(
R2
G ) = k
(
R√G
)n
. (51)
If we consider the energy condition again, taking the de Sitter solution a(t) ∝ eH0t of the accelerated expansion
cosmology into the Eq. (35), we find the solution is
n
2
+m− 1 = 0. (52)
Obviously, the constraint solutions of m, obtained by the energy condition (35), is the same as the Eq. (49) of
the conservation condition. And again, we have proved that the generalized Noether symmetry includes the energy
condition.
For the special case of n= 2 and m=0, so f(R,G)⇒R2, or the case of n=1 and m=1/2, so f(R,G)⇒ kR√G.
These simple modification models have been discussed before. However, there are many models of the different n need
to detailed study, all of these contain the accelerated expansion solution. And we can determine the accurate value of
n by dynamic stability analysis and the constraints of cosmological observation data. Noting that the corresponding
conserved quantity is still zero, and the only conservation relation is the conservation of energy.
8IV. CONCLUSION
In the extended gravity theories, the explicit expressions of Lagrangian will determine the exact forms of solutions of
the field equation. It is important to analyze physical properties of the theories. Meanwhile, the generalized Noether’s
theorem is a useful method to define the form of a theory and obtain physical explanations such as the conserved
quantities and symmetries. In this paper, a theory of f(R,G) gravity is discussed, whose interaction Lagrangian
consists of the Ricci scalar R and the Gauss-Bonnet invariant G. After some considerations based on cosmological
evolution from this model, the generalized Noether symmetries are investigated. The methodology used in this work
can also be adopted for other modified gravity theories. It is unavoidable to modify the expressions similar to what
we have done in this paper.
Although we can not deduce the concrete forms directly, we can get the polynomial and product forms of f(R,G)
theories satisfying the generalized Noether symmetries, and obtain the meaningful explanations of the corresponding
conserved quantities and symmetries. Both forms of f(R,G) concerned in this paper only possess the time translational
symmetry. We obtain the general solutions of polynomial and product forms. Then we find that the constraint
condition R˙G = RG˙, simplifying the forms of conserved quantities, is a strong and convenient condition. But this
convenience also inevitably constrains the forms of solutions. This difficulty may be solved by calculating the Hojman
symmetry [30] using the equations of motion, rather than the generalized Noether symmetry using the (point-like)
Lagrangian. This research topic will be done in our future work.
Fortunately, through some calculations for the solution of the late-time accelerated expansion cosmology, we obtain
two general forms. Both of them can be satisfied with the energy condition. To some extent, we have demonstrated
the consistency of the conservation of symmetry and the energy condition. One is the polynomial form f(R,G) =
k1R
n + (6)
n
2 (−1)n+1k1G n2 , and the other is the product form f(R,G) = k(R/
√G)nG. Both of them are part of the
article [20], because we consider directly the de Sitter solution for the accelerated expanding of our universe, and there’s
no contradiction here. Although this is only a partial result, our results are more specific and the coefficients are
clearer. The corresponding conserved quantities are both zero, and the only conservation relation is the conservation
of energy. It seems that we are hard to observe other conserved quantities and symmetries. For the concrete form of
different n, we will get some interesting solutions by the dynamic stability analysis in our further paper. And it can
also be restrained by the cosmological observation data. Finally, it is worth emphasizing that symmetry is not only a
mathematical tool for solving dynamic problems, but also allows for the selection of physically observable universes,
especially analytical models related to observations as discussed in [29].
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